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INVARIANT SETS FOR A CLASS
OF PERTURBED DIFFERENTIAL
EQUATIONS OF RETARDED TYPE

BY
N.PAVEL AND F.IACOB

ABSTRACT

Let X be a Banach space and let a, b, g be real numbers such that a < b, ¢ > 0.
Denote by D a locally closed subset of X. A necessary and sufficient condition
for the existence of a mild solution u € C({a — ¢, b.], X), a <b, <b, to the
differential equation du(¢)/dr = Au(t)+ f(t, u,), such that u: [a,b,] > D, u, = ¢
is given. The linear operator A is the generator of a C, semigroup T(t), t =0,
with T(t) compact for t >0, f: [a, b)x C([ - g,0], D,)— X is continuous and
¢ € C([— ¢,0], D,) with ¢(0) € D. D, is a neighbourhood of D. Applications to
parabolic partial differential equations with retarded argument are given.

1. Introduction

Throughout this paper X is a real or complex Banach space with norm | - |,
C = C([a,b], X) is the Banach space of continuous functions mapping the
interval [a, b] into X, with the topology of uniform convergence. The norm of C
will be denoted also by || - ||. Given a function x:[a~g,a+a]—> X, a >0,
define for each t € {a, a + a] the function x,: [~ ¢,0]— X, by x,(8)=x(¢t + 8),
6E€[-40)

Let A be the generator of a strongly continuous semigroup of linear bounded
operators T(t) € L(X), with | T(t)|=1, t=0.

Consider the initial value problem

(1.1) —d%Q=Au(t)+f(t, w), a=t<b
(1.2) u.=¢, ¢ €C(-4q0]X),

where u,(8)=u(a+6), ~g=6=0.
Following Browder [2], we call a mild solution of (1.1) + (1.2), a solution of the
integral equation
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(1.3) u(t)= T(t—a)cp(O)+j T(t — s)f(s, u,) ds, as=t<b

1.4) U, = ¢.

Let D C X be a locally closed subset (i.e. for each x € D there is r > 0 such that
DN{y €EX, |y —x||=r}isclosed in X). Denoteby D, ={y € X, d(y; D)= A},
where A is an arbitrary positive number and d(y; D) means the distance from y
to D.

We say that D is invariant (or forward invariant) set for (1.3) if for each
¢ €C([~-q,0],D,), with ¢(0)€ D, there is ¢ =c(e¢)>a and a solution
u€ C(la—-gq,cl,X) to (1.3) such that u, = ¢ and u(t)€ D for all t €[a,c],
c<b

The main result of this paper is the following local existence theorem:

THeEOREM 1.1. Let D CX be a locally closed subset and let f:[a,b)X
C([— ¢,0], D\)— X be a continuous function, a <b = +x. Let T(t), t =0, be a
Co semigroup on X. Assume the following condition holds:

(1.5) li{n%d(T(h)v(0)+ hf(1,v); D)= 0

for all t €[a, b) and v € C([ - ¢,0], D), with v(0)€ D.

If T(t) is compact for t >0, then (1.5) is a necessary and sufficient condition for
the existence of a solution u € C([a — q,c], X) to (1.3) such that u, = ¢ and
u(t)€ D for t €[a,c], where ¢ = c(¢)€E (a,b), ¢ € C([—q,0], D)).

Inasmuch as |d(x; D)~ d(y; D)|=|x —y|, Vx,y € X, it follows that (1.5) is
equivalent to

(1.6) Li{g%d(T(h)v(O)+ fh T(t+ h - s)f(t, v) ds; D) =0

for all t €[a,b) and v € C([— ¢,0]; D,), with v(0) € D.

The idea of assuming the compactness of T(¢) for ¢t >0 in the theory of
abstract differential equations, which are characterized by the fact that the
associated homogeneous linear problem generates T(¢), is due to Pazy [11].

This paper is a generalization of the paper [14] to the case of linear
perturbation of differential equations of retarded type.

For proving Theorem 1.1, we construct first of all a sequence of approximate
solutions using the techniques of Martin 7], [8], [9] and of Webb [16], under the
form developed in [12] and [14]. In the proof of the convergence of these
approximate solutions we use the technique of Pazy [11] (as in [14]).
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If g = 0, we may consider in (1.5) the set D instead of D, and thus we obtain
the main result of [14], which extends those of Crandall [4] and Pazy [11].

In the case X-finite dimensional we can take A =0 in (1.1). In this case, for
D = X, (1.5) is automatically satisfied and therefore Theorem 1.1 becomes a well
known result of Hale [5].

In [15] no compactness of T(¢) is assumed, but restrictions on f are imposed
(namely f(t, v) is Lipschitz continuous with respect to v).

In the last part of the paper the continuation of solutions is studied and an
application to parabolic partial differential equations with retarded argument is
given.

We thank Professors C. Corduneanu and V. Barbu, and the referee for helpful
suggestions.

2. The main results

The main result of this paper is that given by Theorem 1.1. Another result (on
the continuation of the solutions of (1.3)) will be given at the end of this section.

PrOOF OF THEOREM 1.1

Necessity. Let t be arbitrary in [a,b) and let v € C([—¢,0],D,) with
v(0)€ D. Assume that there is a number a = a(v)>0 and a continuous
function u on [t —q,t+ a], t + a <b, such that

@.1) u(z')=T(z'—t)u(0)+j" T - $)f(s, u)ds, t=t'=t+a

22) w=v on [—-¢4,0], u:{t,t+a]—D,

ie. u(t+h)eD for all h €0, a].
Set t'—t = h. Then (2.1) and (2.2) yield

(TR (0) + hf(s,0); D) = I Th)o(0)+ (s )~ (s + b)]

-0 as h—0.

- ”f o) [ T+ )5 w)ds

which proves the necessity of (1.5).

Sufficiency. Let ¢ be an arbitrary element of C([ — g,0]; D,) with ¢ (0) E D.
We will prove that there is a, = a,{(¢) >0, a; < b — a, and a continuous function
u satisfying (1.3) on [a,a + ai], u(t)ED for t€[a,a + a:] and u., =¢ on
[~ ¢,0]. Denote by S(¢(0), r) C X (respectively S(¢, r) C C([ - g,0], X)) the ball
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of radius r about ¢(0)E D (respectively ¢ € C([~ 4,0}, X)). Let a >0 and
r € (0,A] be small enough such that

R3) f(tv)|=M, forall t€[a,a+al, a+a<b and v € S(¢,r)

2.4) D N S(e(0),r) isclosed.

Such o >0, r>0, and M >0 satisfying (2.3) and (2.4) exist since fis
continuous (therefore locally bounded) and D is locally closed. Let r, € (0, r).
Choose a, € (0, a] such that

Q25 le@)—e@)<r—r for |8,—8,=a;, 6, 8,€[-q,0]
(2.6) max | T()e )~ e(0)|+ asM=r,, M=1+M

Let n be an arbitrary natural number.

Define a function u”: [a — g, a], by u"(a + )= ¢(8), for § €[~ q,0].

According to the definition of x, given in the Introduction, this means us = ¢.
Define also t5= a, uy= ¢(0) € D. Therefore

usg=u"(ty=u"(a)y=¢(0)€ED and ur=g¢.

Assume that we have constructed u" on [a,t7] with ut(eh) =
ur€ DN S(p),r), utm € C(~q,01, D) N S(p, r).
If t7<a+ a choose the largest number d} € (0,1/n] with the properties

2.7 ta=ti+di=a+a
28 f(t o)~ f(rum)|=1n forall t€[e7 171+ d7] and v € C([q,0), D,)

such that
lo—u%ll=drM+ max | T()ur—upf,
0s1=d’
2.9) d%d( T(d)us + f d T+ di — $)f(t, w,) ds: D) <1/2n
where t, =t d, = d and u, = u? (i.e., when there is no danger of confusion, we

drop n). Also u;; = u, = u’:. By (2.9) we see that there is an element u., € D
such that

=1/n.

BI-H T(d)u; + fﬂ T(t + d — s)f(t, u,)ds — vy
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Denoting

|—

p= (um - T(d:)u, - f T(tian — 8)f(t, ) ds)

o

i

we have
(2.10) Ui = T(tn-l - t,')u.' + J - T(t.‘+1 - s)f(ti, ut.‘) ds + (ti+l - ti)pi

with ||p: || = 1/n.
Define u" on [¢, t.1] by

@.11) un(t) = T(t—ti)u,.+f' T(t = $)f(t ) ds +(t = t)ps G =1 tomr.

Clearly
u"(t)=u €D, u(tim)=un€D.

On the other hand u” can be written in the form

i-1 t
ur(t)=T{t-a)p0)+ 2, f T(t—s)f(4 u,)ds + f T(t—s)f(t, w,)ds
i=0Jy t
@12
F3 (= )T~ t)p + (- 1)p, 115t
j=0
(2.13) u{a+0)=¢(9), -q=6=0, e, uz;=e.
The proof of this simple fact is left to the reader.
If t €8, t.], (2.12) yields
lur(®)= eI =IT( - a)e©)-eO)+(t-a)M, t-a<a,
which implies (in view of (2.6)) u"(t)ES(e(0),r), sO W=
u™(t-1) € D N S(e(0),r).
We can prove that u, € S(¢,r). For this fact we have to estimate
u...(8) — @ (8) [} for each 6 €[~ 4,0].
If —gq=60=a-t., then
” u‘iﬂ(o)_ ¢(0)l' = ” un(a +6+ liva— a)_ ¢(G)I|
=lleltnto-a)-e@)|<r-—n<r
since ., —a < a, (so we apply (2.5)).

Ifa_ti+1<0§0, then t,'+1+0>a, t.‘+1+0_a<t,'+1_‘a<al, lel<t.-+1—a <
a;. In this case (2.12), (2.5) and (2.6) yield:
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fui, (8)= (@) =]u" (it 0)= (@) =] T(tsi+ 6 —a)e(0)~ ¢ (0]
+aM+]e@)-e@)|ritr—n=r
Therefore, for each § € [ — g,0] we have || u,.,(8)— ¢ (8)| = r so u.., € S(p, ).
Furthermore u,,, € C([—¢,0], D,). Indeed, if —q=6=a - t.,, we have

already seen that u,,,(8) = ¢ (t.,+ 6 — a) € D, (by hypothesis). If a — ., =0 =
0, then u,,(8)= u" (.1 + 8) € S(¢(0), r) C D,, and therefore u,,,(8) € D, for all

be [_ 9 O]
We will show now that lim,_...t; = a + a, and lim,_..u = u* exists, too.
First of all, since t = a+ ay, i =1,2,--, limiot =1 exists.

Let j > i. Taking into account (2.12) and u”(t) = w, for t = a, we have

luw—w =1 T - 1)o@ — e O]+ EO“(T(’;' — )~ Df(tn, )|
(2.14) "
(= )+ 2, 1T = 00 = P (o1 = 1) + M5 = ).

Choose k. large enough such that:

-t <e'l6M, [T —t)e0)~¢0)[=2'/6,

2.
@15 Vizizk, &=2¢>0.

Choose k, 2 k. large enough such that

g’ . _

{2.16) HT(tj—ti)p,,,—pmﬂ‘::?’—(a—Ia—l), m=90,1,--- k. -1, j2izk,

'

£

.~ Y= = —_— = e — i =g
Q17) (TG =)= Dfto w )| 3555, m =01 k=1, jzizk.
Then we have

S 1T = 0P = Pl 1= 1) S 3 + @I) (6~ 1)

= 3 a+a
@18) are)
<E 4+ £ £
~3 3nM ™ 2
since e, <a+ag, ti—tr, <e'[6M,
2 1 1
¢ — = =Z == =
| Tt = t.)pm Pm“_Zﬂpmn_n, TaiSg for nz2 M>1
i—1
(T = 1) = Df (s )| (i1 = )
(2.19) m=0
SltkE _ 4 <2§_i
§~_3(a+a,)+2(M Dt —t)= 3

since a <t;, Sa+ta;.
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Combining (2.15), (2.18), (2.19) and (2.14) we get

e g g 2& 3¢ ' S i
(2.20) ||u.-—-u,~||§6+€+2+ 3 =5 <2'=s Vizizk,

which shows that u; is a Cauchy sequence, therefore lim;_..u; = u* exists and
u*€DNS(e0),r).

Define u"(l)=u*, so u" is defined on [a — g, ] with values in D,. It follows
that limin.u;=u; in C([-q,0],D,). Indeed u:(8)=u"(t+6)€ D, and
u"(t+0)—u"(l+6) as i —x, uniformly with respect to 8 €[— q,0] (since
u":[a—gq,1}— D, is continuous).

Assume by contradiction that I <a + a;. The continuity of f implies the
existence of a positive number ¢ such that

£ 0)= FG unll S 3,

2.21
@21) forall |t—1|=26 |v—ulSeM+2).

Choose s with the properties

(2.22) 0<s<min(l/n,¢,a+a;—1),
I+s

(2.23) d(T(s)u* +f T +s - r)f(l u?)d7;D> ==
i

(which is possible, since u7(0)=u"(l)=u* and so we may use (1.6) for t =,
v =up).

(2.24) gslflsxll T(t)z—-z||=¢, Vz€E€{upuy ", uy-}.

(The inequality (2.24) is possible since the set {u;}i-o is relatively compact in X).
Let m be large enough such that |- <s, |ui—u?]|=¢é (which implies
lui —u*|=¢ since u,(0)=u"(t)=w, ui@)=u"()=u*) for all izm. If
(tv)Ela,a+1}xC([—4q,0],D,) is such that [t—¢|=s Jo—u,|=S
sM + maxos<, || T()u; —w|, then |t—1|=S|t—t|+|t—-1|=2¢ |ur—v|=
luf—up|l+|lur—v] =2¢ + cM. Therefore, by (2.21) we have

£t ©) = f(8 w = 1£(t 0) = F& w) ]|+ £, w) = £(8, w,)

1 1
3n+3n

(2.25)

liA

1 ,
<=, Vizm.
n

On the other hand d; = ., — t, <l -t <s. Taking into account that d; is the
maximal number in (0, 1/n] satisfying (2.7), (2.8) and (2.9) it follows that
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(2.26) d(T(s)u.» ; f T+ s — (5w ) dr D>>§%, forall izm,

Letting i —> = in (2.26), in view of (2.23) we get a contradiction, therefore
lim,-_.wt.- = l =a+ a.
Let us introduce the following two functions:

(2.27) a"(s) = t,‘, sE [t,', t.‘+1), a,.(a + al) =a+ «a

i—1
(2.28) g (1) = Z)(tm —)TE - 4a)p + (- t)p, tSt=ty
b=

g(a + a)=lim,_..g,(t) (which exists in view of (2.14) and (2.18)).
Then |lg.(t)|St/n, forallast=a+a;.
It follows that u" given by (2.12) can be written in the following form:

W (t) = T(t — a)g(0) + f T(t = $)f(an(s), Uage)as + gu(t) aSt=a+a

(2.29) u"(a+0)=9(6), -q=0=0.
Denote
(2.30) y (1) = J' T(t—s)f(as(s),un)ds, ast=a+a,.

Clearly y" satisfies

(231) ly"ll=M -1a,
@3 Iy -y @I=@-M-)+M =1 [ 1T 5)- Tt - 5)lds,

forall ttE€[a,atal], t=™
Let t >a, and 8 € (0,¢ — a). Define

v = [ T f(an(s), e ds
(2.33)

t—8
- T(5) f T(t = 5 — 8)f(an(5), tae) d.

Since T'(8) is compact and [, °T(t — s — 8)f(an(5), Uss)) ds is bounded in n, it
follows that {y3(t)}-1 is precompact in X. Inasmuch as [y"(¢)—y3(t)||=
8(M—1),V8 €(0,t— a), it follows that {y"(¢)}>-. is also precompact in X. By
the Arzela-Ascoli theorem we may assume that lim,_.y"(¢)= y(f) exists
(uniformly on [ag,a+ ai]). By (2.29) it follows that Lim._.u"(t)=
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T(t—a)p0)+y(t)=u(t) exists, a=t =a + a;. Since a.(s)—s as n >, we
can easily see that u;,,— u, as n — «. Passing to the limit as n — » in (2.29) it
follows that u(t)= T(t — a)e (0)+ y(¢) satisfies (1.3) and (1.4). The fact that
u(t) € D for each t € [a, a + ] follows from the fact that u"(a.(s))=u"(t) =
u, €EDNS(@0),r) for t =5 =t,,. a.(s)—>s as n >« yields

lim u"(a.(s)) = u(s) €D N S(e(0), r).
With ¢ = a + a,, the proof of Theorem 1.1 is complete.

3. Continuation of solutions. Examples

Theorem 1.1 is a local existence result of a mild solution to (1.3). In connection
with the continuation of solutions on [a, b) the following result holds.

THeoreM 3.1. Let f:[a, )X C([—q,0], D.)—> X be a continuous function
which maps bounded sets in [a,%) X C([— q,0], D.) into bounded sets of X. Let
T(t), t=0 be a C, semigroup with T(t) compact for t >0, such that (1.5) is
satisfied for all t=Z a and v € C([—q,0], D,) with v(0)E D. Then for each
¢ € C([~¢q,0],X), (1.3) has a solution on a maximal interval of existence
u:[a,tma) > D, u, =@, where either tum =+, or if tn,<o, then
lim,.,,. [ u ()] = +.

Remark 3.1. The proof of this theorem is similar to the proof of Theorem
3.1 of Pazy [11], so we omit it. The only new fact the reader has to observe is that
the boundedness of u on [a, tm.) implies the boundedness of {u, t € [a, tma)} in
C([ —4q O]’ X)

Let us discuss now the particular case of differential equations with retarded
argument of the form

3.1) -‘MdtQ=Au(t)+f(t,u(t-q)), ast<b q>0
3.2) u(a+0)=¢(0), —-qg=0=0, ¢€C(—40],X).

A mild solution to (3.1) is a continuous function u: [a — ¢, b)— X satisfying
the integral equation

3.3) u®)=T@~a)e0)+ Ll T(—s)f(ssu(s—q))ds, ast<bh.

Using the notations and the proof of Theorem 1.1 (with minor modifications)
we can prove the following result:
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TueoREM 3.2. a) Assume that D and T(t) are as in Theorem 1.1 and
fila,b)x D — X is continuous. A necessary and sufficient condition for the
existence of a mild solution u:[a—gq,a+a]l—X to (3.1), such that u, = ¢,
u(t)eD, a=t=a+ais the following:

(3.4) HP%dUVan+hﬂmm—@ﬁD)=O

forall t €[a,b), v € C([ - ¢,0], D,) with v(0)€ D.
b) If in addition f maps bounded subset of [a, b) x D, into bounded subsets of X
then for (3.3) the assertion of Theorem 3.1 also holds.

If D is open then (3.4) is automatically satisfied.

The above results can be applied to partial differential equations with retarded
argument. We will give an example in this direction (similar to those given in
[14]).

Let  be a bounded domain in R", n=1, with smooth boundary. Let
X =L*Q) and let f: R,x R— R be a continuous function such that the
Nemytskii operator F: R, X L*(2)— L¥(Q) induced by f (ie. (F(tu))(x)=
f(tu(x)), tER., u € L*(Q)) is continuous). It is known that the operator
A = A, with D(A) = Hy(Q) N H*(Q), generates a C, semigroup T(t) with T(t)
compact for t >0 (see [14]).

Applying Theorem 3.2 it follows that, for each C([— gq,0]; L*(f)), the
parabolic partial differential equation with retarded argument

(3.5) Q%%Q=Au@xﬁf@u0—¢x» 120, x€0
(3.6) u(@,x)=¢(6,x), —qg=6=0, x€Q

has a local mild solution.
Indeed, using the above notations and (u(t))(x) = u(t, x) for u(t) € L*(Q),
(3.5) and (3.6) can be written under the form

3.7 u'(t)y=A2u(t)+ F(tLu(t—q)), t=0
(3.8) u(@)=¢(0), —-qg=0=0.

By Theorem 3.2 (with D open), (3.7)+(3.8) has a local mild solution
u:[-g,c(e)] = LHQ), c(e)>0, with u()=¢(6) on [~ g,0].

By definition of F we have (F(t, u{t—q)))(x)=f(t,u(t—¢,x)), xEQ, so
u(t,x) is a mild solution of (3.5)+ (3.6).
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ReMark 3.2. If f doesn’t assure the continuity condition of the Nemytskii
operator F, then the problem of the existence of a mild solution to (3.5) + (3.6)
remains open, because in this case we cannot apply Theorem 3.2 to (3.7) + (3.8).
It seems that (3.5) + (3.6) must be treated directly in this case, using a version of a
technique of Hess [6].
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